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In BiS2-based layered superconductors, the existence of gap nodes on Fermi-surface curves has been suggested from
angle-resolved photoemission spectroscopy measurements, whereas the conventional s-wave gap has been proposed
from measurements of superfluid density and thermal conductivity. To reconcile these two distinct experimental results
of the gap node, we investigate nonmagnetic impurity effects in the superconductor with a disconnected pocketlike
Fermi-surface structure. Then, we claim that the seemingly contradictory situation concerning the gap node is resolved
by a concept of dirty nodal extended s-wave superconductivity. Provided that it is unnecessary to consider the nodes of
the gap, at first glance, the conventional s-wave gap seems to be a unique solution, but in the pocketlike Fermi-surface
topology, a nontrivial possibility of a nodeless d-wave superconductor is pointed out. To clarify the gap symmetry, we
propose to perform experiments on nuclear magnetic relaxation rate T−1
1
in BiS2-based layered superconductors.
1. Introduction
In 2012, Mizuguchi et al. discovered the new BiS2-based
layered superconductor LaO1−xFxBiS2.
1–3) The mother com-
pound LaOBiS2 is insulating, while owing to the substitution
of F for O, electrons are doped into the BiS2 layer. Then,
the system becomes metallic and superconductivity occurs
at low temperatures. It has been experimentally known that
the superconducting transition temperature Tc is maximum at
x = 0.5.3) In the sample synthesized under high pressures,
the highest Tc among the BiS2 family has been obtained.
4)
The onset Tc is 11.1 K and the temperature at which the resis-
tivity becomes zero is 8.5 K.
Concerning the mechanism of superconductivity in new
materials, an important clue has been frequently obtained
from the information on the gap symmetry revealed by the
measurement of physical quantities and theoretical research
on the gap structure. In the case of BiS2-based layered su-
perconductors, we notice that the results are consistent with
s- or extended s-wave pairing suggested from the temper-
ature dependence in the superfluid densities of Bi4O4S3,
5)
LaO0.5F0.5BiS2,
6) and NdO1−xFxBiS2.
7)
Among them, here, we focus on NdO1−xFxBiS2. As men-
tioned above, it has been reported that the gap symmetry is
consistent with s- or extended s-wave for both x = 0.3 and
0.5 in the measurement of superfluid density.7) Also, from the
thermal transport measurements, a conventional s-wave gap
has been considered to be realized in NdO0.71F0.29BiS2.
8) On
the other hand, a different result of the gap structure has been
reported for NdO0.71F0.29BiS2. Namely, the existence of the
gap node on the Fermi-surface curves has been suggested
from angle-resolved photoemission spectroscopy (ARPES)
measurements.9) At first glance, these results seem to contra-
dict each other. It is an important and challenging task to find
a way to reconcile those results of the symmetry of the gap
function from a theoretical viewpoint.
In this paper, we investigate nonmagnetic impurity ef-
fects on BiS2-based layered superconductors by evaluating
the density of states (DOS), nuclear magnetic relaxation rate
T−11 , and the superfluid density ρs for both nodal extended
s-wave and nodeless d-wave gap functions within a self-
consistent T -matrix approximation. On the basis of a concept
of dirty nodal extended s-wave superconductors, it is claimed
that the existence of the node of the gap on the Fermi-surface
curve does not contradict the s-wave-like temperature depen-
dence of ρs. Provided that the gap nodes on the Fermi-surface
curves are ignored, the nodeless d-wave superconductor be-
comes another candidate in the present Fermi-surface topol-
ogy, in addition to the conventional s-wave gap.
The paper is organized as follows. In Sect. 2, we show
our model and the formulation for the impurity effects in the
superconducting state. We also explain the Tc reduction due
to nonmagnetic impurities and the Fermi-surface structure of
BiS2-based layered superconductors. In Sect. 3, we show our
calculation results of the physical quantities for both extended
s- and nodeless d- wave superconductors. Finally, in Sect. 4,
we summarize this paper and discuss the possible relationship
of our scenario on dirty superconductors with the experimen-
tal results. We also propose the experimental measurement of
T−11 in BiS2-based layered superconductors. Throughout this
paper, we use such units as ~ = kB = 1.
2. Model and Formulation
2.1 Model Hamiltonian
In this paper, we consider the Hamiltonian
H = H0 +Himp, (1)
where H0 denotes the effective Hamiltonian without impuri-
ties, whereasHimp indicates the non-magnetic impurity term.
The first termH0 is given by
H0 =
∑
kσ
εkc
†
kσckσ +
∑
k,k′
Vk,k′c
†
k↑c
†
−k↓c−k′↓ck′↑, (2)
where εk is the kinetic energy of electrons with the wave vec-
tor k, ckσ is the annihilation operator of electrons with k and
spin σ, and Vk,k′ is the effective attraction between electrons.
The second termHimp is given by
Himp = U
∑
i,σ
c†riσcriσ, (3)
1
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where U denotes the potential due to nonmagnetic impurities,
ri indicates the position of the i-th impurity, and crσ indicates
the electron annihilation operator at position r.
We solve this system by the following procedure. First, we
apply the Hartree–Fock–Gor’kov approximation toH0 by in-
troducing the superconducting gap. Then, we include the ef-
fect of impurity scattering on the superconducting electrons in
a framework of the perturbation theory concerning U , called
a self-consistent T -matrix approximation.10–15)
2.2 Hartree–Fock–Gor’kov approximation
Let us first consider the mean-field approximation extended
to the superconducting state, i.e., the Hartree–Fock–Gor’kov
approximation. Then, we obtain
HMF0 =
∑
kσ
εkc
†
kσckσ −
∑
k
(∆∗kc−k↓ck↑ +∆kc
†
k↑c
†
−k↓),
(4)
where the gap function∆k is defined by
∆k = −
∑
k
′
Vk,k′〈c−k′↓ck′↑〉. (5)
Here, 〈· · · 〉 denotes the operation to take the thermal average
usingHMF0 . Note that the Hartree–Fock terms are already in-
cluded in the electron energy εk, and the constant energy shift
including the gap function is ignored inHMF0 .
It is possible to solve HMF0 by a couple of methods, but
here, we employ the Green’s function technique,16) not the
Bogoliubov canonical transformation method. Let us now de-
fine the Green’s functionG0(k, iωn) as
G0(k, iωn) = −
∫ 1/T
0
dτeiτωn〈Ψk(τ)Ψ†k(0)〉, (6)
where the boldface character represents the matrix in Nambu
space, T is temperature, and ωn denotes the fermion Matsub-
ara frequency, given by ωn = piT (2n+ 1) with an integer n,
Ψk(τ) = e
τH0Ψke
−τH0 . We introduce the two-component
field operator Ψk as
Ψk =
(
ck↑
c†
−k↓
)
, Ψ†
k
= (c†
k↑, c−k↓). (7)
After some algebraic calculations, we obtainG0 as
G
−1
0 (k, iωn) = iωnσ0 −∆kσ1 − εkσ3, (8)
where σ0 is a 2 × 2 unit matrix, while σ1 and σ3 are respec-
tively given by
σ1 =
(
0 1
1 0
)
, σ3 =
(
1 0
0 −1
)
. (9)
After performing the summation in terms of the Matsubara
frequency, we obtain the gap equation as
∆k = −
∑
k
′
Vk,k′
∆k′
2Ek′
tanh
Ek′
2T
. (10)
To solve the gap equation, we assume the separable-type at-
tractive interaction given by
Vk,k′ =
{ −V ψkψk′ |εk| < ωc and |εk′ | < ωc,
0 otherwise,
(11)
where V (> 0) is the magnitude of the attraction and the cut-
off frequency ωc is assumed to be much less than the Fermi
energy. Accordingly, the gap function is given by
∆k = ∆ψk, (12)
where ∆ denotes the magnitude of the gap and, in general, it
depends on temperature and impurity concentration.
In the weak-coupling limit, we solve the gap equation to
obtain the superconducting transition temperature Tc0 and the
gap at absolute zero temperature,∆0(0), for the case without
impurities. Then, we obtain the ratio as
∆0(0)
Tc0
= pie−γ−η, (13)
where γ denotes the Euler’s constant and η is given by
η =
〈ψ2
k
log |ψk|〉FS
〈ψ2
k
〉FS . (14)
Here “FS” indicates the abbreviation of Fermi surface and
〈· · · 〉FS denotes the operation to take the average over the
Fermi-surface curve. For the anisotropic gap, η becomes neg-
ative, leading to the enhancement of the ratio.
2.3 Self-consistent T -matrix approximation
Next, we include the nonmagnetic impurity effect,10–15)
which is considered through the self-energy Σ. The Green’s
function obeys the Dyson’s equation
G
−1(k, z) = G−10 (k, z)−Σ(k, z), (15)
where we use z for the frequency,which is obtained by the an-
alytic continuation of z = iωn, and the impurity self-energy
Σ should be expressed as
Σ = Σ0σ0 +Σ1σ1 +Σ3σ3. (16)
Then, we obtain
G
−1(k, z˜) = z˜σ0 − ∆˜kσ1 − ε˜kσ3, (17)
where
z˜ = z − Σ0, ∆˜k = ∆k +Σ1, ε˜k = εk +Σ3. (18)
Hereafter, we simply ignore Σ3, since this term is not essen-
tially important in the following discussion. In fact, the cor-
rection to one-electron energy is considered to be included at
the level of Hartree–Fock approximation.
Let us evaluateΣ in a single-site approximation given by
Σ(z˜) = nimpT (z˜), (19)
where nimp indicates the impurity concentration and T de-
notes the T -matrix for impurity scattering. The T -matrix
obeys the equation given by
T (z˜) = U +U
∑
k
G(k, z˜)T (z˜), (20)
where U = Uσ3 . In the unitarity limit, i.e., UN0(0) ≫ 1,
whereN0(0) denotes the DOS at the Fermi level in the normal
state, we obtain
Σ0 = −α g0
g20 − g21
, Σ1 = α
g1
g20 − g21
, (21)
where α is a pair-breaking parameter given by
α =
nimp
piN0(0)
. (22)
The averaged Green’s functions g0 and g1 are respectively
2
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(a) (b)
f
Fig. 1. (Color online) (a) Fermi-surface curves for LaO1−xFxBiS2 with
x = 0.3 obtained on the basis of the tight-binding model. (b) Model Fermi-
surface curves used in this paper. The electron density is set as the value
corresponding to x = 0.3.
given by
g0 = −
〈
z˜√
∆˜2
k
− z˜2
〉
FS
, g1 = −
〈
∆˜k√
∆˜2
k
− z˜2
〉
FS
. (23)
The normalized DOS N(z) in the superconducting state af-
fected by impurity scattering is given by
N(z) = −Img0. (24)
Note thatN(z) is normalized by N0(0) andN(∞) = 1.
In this paper, we evaluate the nuclear magnetic relaxation
rate T−11 in the superconducting state, since it is sensitive to
the change in DOS in the low-energy region. When we define
R = (T1T )
−1, we discuss the temperature dependence of the
ratio Rs(T )/Rn, where the subscripts “s” and “n” indicate
the superconducting and normal states, respectively. By fol-
lowing the Bardeen–Cooper–Schrieffer theory,17) we obtain
Rs(T )/Rn as
Rs(T )
Rn
= 2
∫ ∞
0
dz
(
−∂f
∂z
)[
N2(z) +M2(z)
]
, (25)
where f = 1/(ez/T + 1) andM(z) is given by
M(z) = −Img1. (26)
We are also interested in the temperature dependence of su-
perfluid density, ρs(T ), which is evaluated from results of the
penetration depth experiment. It is given by
ρs(T )
ρn
= 1− 2
∫ ∞
0
dz
(
−∂f
∂z
)
N(z), (27)
where ρn indicates the electron density in the normal state.
Here, we comment on the assumption when we will per-
form numerically the above integrals. It is assumed that the
ratio of Tc to the gap at T = 0 is not affected by impurity scat-
tering. Namely, we use the relation ∆(0)/Tc = ∆0(0)/Tc0
and the ratio is given by Eq. (13).
2.4 Fermi-surface structure and gap functions
The canonical model for BiS2-based layered superconduc-
tors was proposed by Usui and coworkers,,18, 19) just after
the discovery of BiS2-based layered superconductors. The
minimal model to describe the electronic structure of the
BiS2 layer is the two-band Hamiltonian composed of Bi 6px
and 6py orbitals on the two-dimensional square lattice. In
Fig. 1(a), we show the Fermi-surface curves for x = 0.3 of
Fig. 2. (Color online) (a) Nodal extended s-wave gap. The blue and orange
regions denote ∆k < 0 and ∆k > 0, respectively. The white lines between
these regions denote the gap nodes, which cross the Fermi-surface curves.
(b) Nodeless d-wave gap. The Fermi-surface curves in the blue and orange
regions are denoted by A and B, respectively.
the minimal model. We point out a characteristic issue that
pocketlike disconnected Fermi-surface curves appear around
k = (±pi, 0) and (0,±pi). Note that for x < 0.52, we find
the Fermi-surface curve originating from the lower-energy
band.18–20) Thus, for x = 0.3, we consider effectively only
the band forming the Fermi-surface curves for the appearance
of superconductivity.
In order to concentrate on the impurity effect in this case,
we simplify the Fermi-surface structure by maintaining its
topology. As shown in Fig. 1(b), we consider four semicircle
Fermi-surface curves at around k = (±pi, 0) and (0,±pi), in
order to reproduce the pocketlike disconnected Fermi-surface
structure of the effective model for BiS2-based layered ma-
terials. For the operation to take the average over the Fermi-
surface curve, it is useful to define the angle φ to specify the
position on the Fermi-surface curve, as shown in Fig. 1(b).
In this paper, we consider both extended s- and d-wave
gap functions. Note that we do not consider the s-wave gap
here, since it is well known that nonmagnetic impurities do
not affect it. When we consider the extended s-wave gap
∆k ∝ cos kx + cos ky , the nodal lines cross the Fermi-
surface curves, as shown in Fig. 2(a). When we use the an-
gle φ defined in Fig. 1(b), the gap is well approximated by
∆(φ) = ∆cos(2φ) on the Fermi-surface curves. This is es-
sentially the same function as the d-wave gap on the large
Fermi-surface curve with the center at the Γ point for high-
Tc cuprates. Note, however, that the extended s-wave gap is
allowed to have a constant component. Thus, in general, the
extended s-wave gap is written as
∆(φ) = ∆[p+ cos(2φ)], (28)
where ∆ in this case is the gap of the anisotropic part and
p denotes the ratio of isotropic to anisotropic gaps. In the
present Fermi-surface structure, the node positionsmove from
φ = pi/4 and 3pi/4 for p = 0 to φ = pi/2 for p = 1. For
p > 1, the nodes do not appear on the Fermi-surface curves.
The impurity effect should be different depending on the gap
ratio p. This point will be discussed in detail later.
Next, we consider the d-wave gap. In sharp contrast to the
case with a large Fermi-surface curve with the center at the
Γ point, the present Fermi-surface curves do not cross the
lines of kx = ±ky. Thus, when we assume the d-wave gap,
∆k ∝ cos kx − cos ky , the nodes do not appear on the Fermi-
surface curves, as shown in Fig. 2(b). In this sense, it can
3
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be called the nodeless d-wave gap. Note, however, that the
gap has the same sign on the Fermi-surface curve, while the
sign change occurs between the gap functions on the different
pocketlike Fermi-surface curves. Thus, when we consider the
gap on the pocketlike Fermi-surface curve, it looks like a sim-
ple s-wave gap at first glance, but the average of the gap over
the whole Fermi-surface curves becomes zero. This fact has a
remarkable impact on the impurity effect on nodeless d-wave
superconductors. In the following calculations, we consider
the nodeless d-wave gap as
∆k =
{ −∆ on the FS A,
+∆ on the FS B,
(29)
where ∆ is the magnitude of the gap, and the Fermi-surface
curves A and B are defined in Fig. 2(b). Note here that for
simplicity, we ignore the k dependence of the gap on the
Fermi-surface curves, but it is easy to check the validity of
this approximation.
2.5 Reduction in Tc
Before showing our calculation results concerning the im-
purity effect on physical quantities, let us briefly discuss the
reduction in the transition temperature Tc due to nonmagnetic
impurity scattering.
First, we consider the extended s-wave gap. Except for the
case of p = 0, the well-known Abrikosov−Gor’kov formula
for the Tc reduction
21) cannot be simply used, since there ex-
ists a constant component p. As pointed out by Tsuneto,22)
it is necessary to consider the change in the pairing interac-
tion due to the nonmagnetic impurity scattering. After some
algebraic calculations, we obtain the generalized formula
log
(
Tc0
Tc
)
= β
[
ψ
(
1
2
+
α
2piTc
)
− ψ
(
1
2
)]
, (30)
where Tc0 indicates the superconducting transition tempera-
ture without nonmagnetic impurity, ψ is the di-gamma func-
tion, and β is given by
β = 1− 〈∆k〉
2
FS
〈∆2
k
〉FS . (31)
In the case of the simple s-wave gap,∆k is constant and thus,
β = 0, indicating that Tc is not affected at all by the nonmag-
netic impurity. On the other hand, for the d-wave gap, since
〈∆k〉FS = 0, we obtain β = 1, leading to the well-known
Abrikosov–Gor’kov formula.
For the present extended s-wave gap Eq. (28), we can take
the average over the Fermi-surface curves. Then, we obtain β
as
β =
1
2p2 + 1
. (32)
In Fig. 3(a), we show Tc/Tc0 as functions of ζ at various val-
ues of p, where ζ is defined as
ζ =
α
2piTc0
. (33)
Here, we briefly explain the choice of p. From the form of
the gap p+ cos(2φ), we immediately recognize that the node
of the gap disappears at p = 1. We also note that the pure
anisotropic case, p = 0, is exceptional. Namely, it is necessary
to consider four regions as p = 0, 0 < p < 1, p = 1, and
p > 1. Thus, we show the results for four values of p as p = 0,
Fig. 3. (Color online) (a) Tc/Tc0 vs ζ for the extended s-wave gap with
p = 0, 0.5, 1.0, and 1.5. Note that in this case, except for the case of p =
0, there exists no critical value of ζ . (b) Tc/Tc0 as a function of ζ/ζc for
nodeless d-wave gap. Note that the red broken line denotes Eq. (37).
0.5, 1, and 1.5.
In the curve for p = 0, i.e., β = 1, Tc becomes zero at
ζ = ζc, where ζc denotes the critical value of ζ, at which Tc
becomes zero. By using the asymptotic form of the di-gamma
function ψ, given by
ψ
(
1
2
+ x
)
− ψ
(
1
2
)
≈ log(4eγx), (34)
for x≫ 1, we obtain ζc = e−γ/4 = 0.14.
When the isotropic gap exists for p > 0, the Tc reduction is
gradual for large p values and there are no critical ζ value. The
anisotropic part of the gap is washed out by the non-magnetic
impurity scattering, indicating that the isotropic gap remains.
This point has already been emphasized by Tsuneto.22)
Next, we consider the case of the nodeless d-wave gap. In
a previous study on the nonmagnetic impurity effect in nodal
d-wave superconductors,13) the reduction in Tc is given by the
Abrikosov–Gor’kov formula,
log
(
Tc0
Tc
)
= ψ
(
1
2
+
α
2piTc
)
− ψ
(
1
2
)
. (35)
Also, in the nodeless d-wave case, this Abrikosov-Gor’kov
formula is available, since the average of the gap over the
Fermi-surface curve vanishes.
In Fig. 3(b), we show the curve for Tc/Tc0 as a function
of ζ/ζc. This is essentially the same as the curve for p = 0 in
Fig. 3(a).We consider the approximate expression for ζ/ζc ≪
1. With the use of the expansion formula of the di-gamma
4
J. Phys. Soc. Jpn.
function for x≪ 1, given by
ψ
(
1
2
+ x
)
− ψ
(
1
2
)
≈ pi
2
2
x, (36)
Tc/Tc0 is well approximated as
Tc
Tc0
= 1− pi
2
8eγ
ζ
ζc
, (37)
in the case of Tc0 − Tc ≪ Tc0. This is plotted by the red line,
which well agrees with the Abrikosoz-Gor’kov formula in the
region of ζ/ζc ≪ 1.
3. Calculation Results
3.1 Extended s-wave gap
3.1.1 Self-consistent equations
Let us briefly explain the equations for the extended s-wave
gap. For ζ = 0, N(ω) is evaluated as
N(ω) = Im
〈
ω√
[p+ cos(2φ)]2 − ω2
〉
FS
. (38)
For the case with nonmagnetic impurities, we solve the self-
consistent equations Eqs. (18), (21), (22), and (23) for the ex-
tended s-wave gap Eq. (28). Here, we note that g1 does not
vanish in general. Note also that the effect of the g1 term
has a significant contribution to the isotropic part, while the
anisotropic part is not affected at all by the nonmagnetic im-
purity scattering. To obtain g0 and g1 with nonmagnetic im-
purities, we rewrite the self-consistent equations as
ω˜ = ω + ξ
g0
g20 − g21
, p˜ = p+ ξ
g1
g20 − g21
, (39)
where ω = z/∆, ω˜ = z˜/∆, and ξ = α/∆.
Green’s functions g0 and g1 are given by
g0 = − 1
pi
∫ pi
0
dφ
ω˜√
[p˜+ cos(2φ)]2 − ω˜2 ,
g1 = − 1
pi
∫ pi
0
dφ
p˜+ cos(2φ)√
[p˜+ cos(2φ)]2 − ω˜2 ,
(40)
respectively.
We solve the above equations self-consistently concerning
ω˜ and p˜. Note that for the anisotropic gap with p = 0, we
easily find the solution of p˜ = g1 = 0. In this case, it is
sufficient to solve the self-consistent equation concerning ω˜,
as in the case of the nodeless d-wave gap.
Throughout the calculation of the DOS, since the energy
unit is set as ∆, we define ξ as ξ = α/∆, but it is different
from ζ. The energy unit ∆ is the solution of the gap equa-
tion and it depends on the temperature and the impurity con-
centration, as mentioned above. In the calculation of Rs/Rn
and ρs/ρn, we will consider explicitly the temperature depen-
dence of∆ for a certain value of ζ.
3.1.2 Results for p = 0
In Fig. 4(a), we show the results of the DOS for p = 0.
First, we consider the case of ξ = 0. After some algebraic
calculations, we obtain the DOS as
N(ω) =
2
pi
ωK(ω), (41)
Fig. 4. (Color online) Results for extended s-wave gap with p = 0. (a)
N(ω) vs ω. (b) Rs(T )/Rn vs T/Tc in a logarithmic scale. (c) Superfluid
density ρs/ρn vs T/Tc.
for 0 ≤ ω < 1, while for ω > 1, we obtain
N(ω) =
2
pi
K
(
1
ω
)
, (42)
where K(k) is the complete elliptic integral of the first kind
defined as
K(k) =
∫ pi/2
0
dθ
1√
1− k2 sin2 θ
. (43)
We remark that N(ω) = ω near the Fermi level, which is
essentially the same as the d-wave gap on the Fermi-surface
curves with the center at the Γ point. We find the logarith-
mic divergence at ω = 1, which is characteristic of the two-
dimensional case.23) For ξ > 0, we find the almost constant
DOS near the Fermi surface and the logarithmic divergence is
smeared out. The behavior due to the resonant impurity scat-
5
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Fig. 5. (Color online) Results for extended s-wave gap with p = 0.5. (a)
N(ω) vs ω. (b) Rs(T )/Rn vs T/Tc in a logarithmic scale. (c) Superfluid
density ρs/ρn vs T/Tc.
tering is also the same as that for the nodal d-wave gap.13, 14)
In Figs. 4(b) and 4(c), we show the results of the nuclear
magnetic relaxation rate and superfluid density for the ex-
tended s-wave gap with p = 0. For ζ = 0, owing to the
effect of the nodes on the Fermi-surface curves, we observe
the power-law behavior of T−11 ∝ T 3 and 1 − ρs/ρn ∝ T ,
characteristic of the d-wave superconductors. When we dope
nonmagnetic impurities, a finite DOS appears at the low-
energy region, leading to the revival of the Korringa law,
i.e., T1T=constant, and the s-wave-like constant behavior of
ρs/ρn at low temperatures. Note that ρs/ρn is reduced from
unity at T = 0, since part of ρs is changed to ρn owing to the
pair-breaking effect.
3.1.3 Results for p = 0.5
In Fig. 5(a), we show the results of the DOS for p = 0.5.
For both 0 ≤ ω < 1 − p and ω > 1 + p, we obtain the DOS
as
N(ω) =
2
pi
ω√
(1 + ω)2 − p2K(Aω), (44)
where Aω is given by
Aω =
√
4ω
(1 + ω)2 − p2 . (45)
For 1− p < ω < 1 + p, we obtain
N(ω) =
√
ω
pi
K
(
1
Aω
)
. (46)
For 0 < p < 1, since the nodes still exist on the Fermi-surface
curves, the DOS is in proportion to ω near the Fermi level.
As denoted by N(ω) = ω/
√
1− p2 near ω = 0, the slope
becomes steep in comparison with that of p = 0. We observe
two anomalies at ω = 1− p and 1 + p in the DOS.
When we dope nonmagnetic impurities, both anomalies are
washed out and the finite DOS appears at ω = 0. However,
in sharp contrast to the case of p = 0, we do not observe
the almost constant behavior near the Fermi level. For ξ >
0.5, the DOS at ω = 0 begins to decrease and eventually,
it becomes zero at ξ ≈ 1. Then, the gap opens at the low-
energy region, since the anisotropic part is washed out by non-
magnetic impurity scattering. If we increase ξ further up to an
unrealistically large value, the DOS approaches the form of
ω/
√
ω2 − p2, where the size of the effective gap is p∆. Note
again that such a situation is realized only mathematically,
since it is necessary to dope huge amounts of impurities.
Next, we show the results of nuclear magnetic relaxation
rate and superfluid density for the extended s-wave gap with
p = 0.5 in Figs. 5(b) and 5(c). Since the nodes of the gap still
exist on the Fermi-surface curves, we observe the power-law
behavior of T−11 ∝ T 3 and 1 − ρs/ρn ∝ T for ζ = 0, al-
though the slope is different from that in the case of p = 0.
For a small ζ, owing to the finite DOS at the Fermi level,
we observe the almost constant value of Rs/Rn at low tem-
peratures, as shown in Fig. 5(b). Note, however, that the flat
region is apparently narrow in comparison with the case of
p = 0, since the DOS is not constant at low-energy regions
for p = 0.5. As shown in Fig. 5(c), this effect can be clearly
found in ρs/ρn for ζ < 0.2, which is not considered to be
constant at low temperatures, although ρs/ρn at T = 0 is re-
duced from unity. When we further increase the value of ζ, as
mentioned in the discussion on the DOS, a finite gap begins to
open near the Fermi level. This effect appears in the s-wave-
like behavior of Rs/Rn and ρs/ρn for large ζ. In particular,
for ζ = 1, we observe a large coherence peak just below Tc.
3.1.4 Results for p = 1
In Fig. 6(a), we show the results of the DOS for p = 1. For
ξ = 0, we obtain the analytic form of the DOS. In the region
of 0 ≤ ω < 2, we obtain
N(ω) =
√
ω
pi
K
(√
ω + 2
2
)
, (47)
while for ω > 2, the DOS is given by
N(ω) =
2
pi
√
ω
ω + 2
K
(
2√
ω + 2
)
. (48)
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Fig. 6. (Color online) Results for extended s-wave gap with p = 1. (a)
N(ω) vs ω. (b) Rs(T )/Rn vs T/Tc in a logarithmic scale. (c) Superfluid
density ρs/ρn vs T/Tc.
Note that near the Fermi level, N(ω) is proportional to
√
ω
and the logarithmic anomaly appears at ω = 2.
When we increase the value of ξ, the logarithmic anomaly
at ω = 2 is smeared by the nonmagnetic impurity scattering.
Note that for p = 1, the finite DOS does not appear at the
Fermi level owing to the impurity scattering, in sharp contrast
to the case of p = 0. Rather, the finite gap begins to open near
the Fermi level. The size of the gap monotonically increases
with the increase in ξ. As expected from the curve for ξ = 10
in Fig. 6(a), the DOS asymptotically approaches ω/
√
ω2 − 1
with the effective gap of∆ for ξ →∞
In Figs. 6(b) and 6(c), we show the results of Rs(T )/Rn
and ρs(T )/ρn for p = 1. Note that the DOS near the Fermi
level behaves as N(ω) ∝ √ω for p = 1, since the node
exists only at φ = pi/2 on the Fermi-surface curve. For
ξ = 0, owing to this low-energy behavior of the DOS, we find
(T1T )
−1 ∝ T and 1 − ρs/ρn ∝
√
T . When ξ increases with
Fig. 7. (Color online) Results for extended s-wave gap with p = 1.5. (a)
N(ω) vs ω. (b) Rs(T )/Rn vs T/Tc in a logarithmic scale. (c) Superfluid
density ρs/ρn vs T/Tc.
impurity doping, as mentioned in the discussion on the DOS,
a finite gap immediately opens at the Fermi level. Thus, even
for a small ξ, we observe the reappearance of the s-wave-like
behavior for both (T1T )
−1 and ρs/ρn.
3.1.5 Results for p = 1.5
In Fig. 7(a), the results of the DOS for p = 1.5 are shown.
For ξ = 0, in the region of 0 < ω < p − 1, we easily obtain
N(ω) = 0 owing to the gap with the magnitude of p− 1. For
p − 1 < ω < p+ 1, the DOS is given by Eq. (46), while for
ω > 1+p, the DOS is given by Eq. (44). The gap with the size
of (p− 1)∆ opens near the Fermi level, since the anisotropic
part is relatively smaller than the isotropic gap. The anomaly
at ω = p − 1 appears as the gap edge, while the logarithmic
divergence is found at ω = p+1. For ξ > 0, the anomalies are
smeared out and the gap edge is found to be shifted toward the
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Fig. 8. (Color online) Results for nodeless d-wave gap. (a) N(ω) vs ω. In
the inset, we show gap edges vs ξ. The upper and lower edges are defined as
ω2 and ω1, respectively. Note that the gap becomes zero at ξ = 0.38 and the
gapless superconductivity is realized for ξ > 0.38. (b) Rs(T )/Rn vs T/Tc
in a logarithmic scale. (c) Superfluid density ρs/ρn vs T/Tc.
isotropic gap edge ω = p = 1.5. Since the low-energy part
of the DOS is not so affected by the impurity scattering, the
impurity effect is expected to be less sensitive for p > 1.
In Figs. 7(b) and 7(c), we depict Rs/Rn and ρs/ρn, re-
spectively, for p = 1.5. As already emphasized in the discus-
sion on the DOS for p > 1, the gap with the magnitude of
(p − 1)∆ exists even at ζ = 0. With impurity doping, the
anisotropic part of the gap is gradually washed out and then
the gap size is changed to p∆ for a large ζ. Namely, as long
as we concentrate on the low-energy region, we always ex-
pect the simple s-wave-like behavior in physical quantities.
In fact, for both Rs/Rn and ρs/ρn, the changes in the tem-
perature dependence are not significant when we increase ζ.
In this sense, the temperature dependence is insensitive to the
nonmagnetic impurity for p > 1.
3.2 Nodeless d-wave gap
Next, we move onto the nodeless d-wave gap function. We
solve the self-consistent equations Eqs. (18), (21), (22), and
(23) for the nodeless d-wave gap eq. (29). Owing to the prop-
erty of the sign change among the different pocketlike Fermi-
surface curves, g1 = 0 is the trivial solution. Thus, we solve
the self-consistent equation for ω˜ as
ω˜ = ω − ξ
√
1− ω˜2
ω˜
. (49)
The DOS N(ω) is given by
N(ω) = −Img0 = Im ω˜√
1− ω˜2 . (50)
Note that in general, ω˜ becomes a complex number.
In Fig. 8(a), we showN(ω) for the nodeless d-wave gap for
various values of ξ. For the case without impurities (ξ = 0),
the DOS is zero for 0 < ω < 1, while for ω > 1, we obtain
N(ω) =
ω√
ω2 − 1 , (51)
which is the same as that for the simple s-wave case. For ξ >
0, we find the finite DOS due to resonant scattering near the
Fermi level. It is well known that the finite DOS appears at
the Fermi level when we include the impurity scattering in
the self-consistent T -matrix approximation in the case of the
nodal gap. The present calculations indicate that even for the
nodeless d-wave gap, a finite DOS appears at the Fermi level.
The important point is the phase change of the gap on the
Fermi-surface curve, not the existence of the node.
When we increase the impurity concentration, the value of
ξ increases. To clarify the change in the gap due to the im-
purity, we evaluate the values of the gap edges, ω1 and ω2.
First, we transform the self-consistent equation concerning ω˜
to the quartic equation in terms of g0. Then, we identify the
condition to obtain real solutions of g0, corresponding to the
region of N(ω) = 0 with the gap edges. Note that ω1 = 0
and ω2 = 1 for ξ = 0. As observed in the inset of Fig. 8(a),
the gap size defined by ω2 − ω1 becomes zero at ξ = 0.38.
It is emphasized that even if the gap disappears in the DOS,
the superconductivity is not perfectly destroyed, leading to the
gapless superconductivity. The impurity-induced gapless su-
perconductivity has been found in the s-wave gap with param-
agnetic impurities.24) In this sense, the present result provides
another example of gapless superconductivity.
Next, we show the calculated results on nuclear magnetic
relaxation rate and superfluid density. In Fig. 8(b), we show
the temperature dependence of Rs/Rn. In the case of ζ = 0,
we introduce a cut-off by hand to avoid the divergence in the
DOS at ω = 1, since it brings about the divergence in Rs/Rn
just below T = Tc. In the experiments for actual supercon-
ducting materials, it appears as the coherence peak just below
T = Tc. We also observe the exponential decay in Rs/Rn
at low temperatures. These properties are characteristic of the
s-wave superconductivity.
Now, we consider the impurity effect onRs/Rn. For ζ > 0,
owing to the appearance of the finite DOS near the Fermi
level, we observe an almost constant behavior in Rs/Rn at
low temperatures, suggesting the revival of the Korringa law
at low temperatures. This is one of the common characteristic
issues for the nonmagnetic impurity effect in unconventional
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superconductivity. Rs/Rn totally increases with the increase
of ζ. Here, we note again that there exists an islandlike finite
DOS near the Fermi level. When ζ is smaller than the value
at which the gap disappears, the gap exists in the region of
0 < ω < 1. Thus, Rs/Rn slightly decreases with the increase
in T in the low-temperature region, while for T larger than
the lower gap edge, Rs/Rn increases. In the dirty nodeless
d-wave superconductors, we expect such nonmonotonic tem-
perature dependence in Rs/Rn, although this behavior is not
so significant.
Now, we turn our attention to the superfluid density in
Fig. 8(c). For ζ = 0, we find that the temperature depen-
dence of ρs/ρn is similar to that of the simple s-wave super-
conductor. For T < 0.3 Tc, ρs/ρn is almost unity. When T
is further increased, ρs/ρn begins to decrease and eventually
becomes zero at T = Tc. For ζ > 0, owing to the appearance
of the finite constant DOS near the Fermi level, the magni-
tude of ρs/ρn decreases, but we still observe the almost con-
stant value of ρs/ρn at low temperatures. In this sense, for
both clean and dirty cases, the s-wave-like temperature de-
pendence of ρs/ρn is expected in the nodeless d-wave super-
conductivity, when we normalize ρs by its value at T = 0.
For small ζ, owing to the existence of the gap in the re-
gion of 0 < ω < 1, we also find the nonmonotonic tempera-
ture dependence of ρs/ρn. The origin is considered to be the
same as that in Rs/Rn. In principle, it is possible to distin-
guish ρs/ρn between clean and dirty cases by the temperature
dependence, but it seems to be difficult to detect such subtle
changes at low temperatures in actual experiments. It is more
realistic to check whether the almost constant part appears or
not in Rs/Rn at sufficiently low temperatures.
4. Discussion and Summary
In this paper, in order to obtain some hints to clarify the
node structure in BiS2-based layered superconductors, we
have investigated the nonmagnetic impurity effect within the
self-consistent T -matrix approximation. We have performed
the calculations of the DOS, nuclear magnetic relaxation rate,
and superfluid density in the superconducting state.
We have assumed two cases, namely, the extended s- and d-
wave gap functions. Note that in the present material, we have
considered the disconnected pocketlike Fermi-surface curves
at around k = (±pi, 0) and (0,±pi). Owing to this structure,
there exists no node for the d-wave gap, since the nodal lines
along the lines of kx = ±ky do not cross the Fermi-surface
curves. However, a sign change occurs between the gaps on
the pocketlike Fermi-surface curves. Thus, nonmagnetic im-
purities affect seriously the nodeless d-wave gap.
On the other hand, for the extended s-wave gap, nodes ap-
pear on the Fermi-surface curves. In particular, for the case
without the isotropic part, the nonmagnetic impurity effect is
essentially the same as that in the nodal d-wave superconduc-
tors. In this work, we have investigated the impurity effects
for all the cases with the isotropic part.
We have considered two distinct experimental results con-
cerning the gap nodes on the Fermi-surface curves. When we
consider the extended s-wave gap with p = 0, the node struc-
ture is consistent with the ARPES results. Moreover, if BiS2-
based layered superconductors are assumed to be dirty owing
to the existence of randomness and/or lattice mismatch, even
if nonmagnetic impurities are not explicitly doped, the reso-
nant scattering effect induces the finite DOS near the Fermi
level, leading to the s-wave-like behavior in physical quan-
tities at low temperatures. For instance, the temperature de-
pendence of ρs/ρn in the low-temperature region is similar to
that of the s-wave case, if we normalize ρs/ρn by its value
at T = 0. In order to confirm the above idea of the dirty
nodal extended s-wave superconductivity,we propose the per-
formance of the measurement of T−11 in BiS2-based layered
superconductors. The detection of the Korringa-like behavior
at low temperatures will be a test of the dirty nodal extended
s-wave superconductivity.
Now, let us consider another possibility that the ARPES
experiments do not indicate the existence of the nodes of the
gap. If we accept this possibility, readers may be inclined to
think that the simple s-wave superconductivity is the unique
solution. However, as shown in this paper, a possibility of the
nodeless d-wave superconductivity cannot be excluded in the
BiS2-based layered superconductors, since the temperature
dependence of physical quantities in the nodeless d-wave su-
perconductor seems to be the same as that in the conventional
s-wave one in the case of the disconnected Fermi-surface
structure for both clean and dirty cases.
For the confirmation of the nodeless d-wave superconduc-
tivity, it is necessary to perform an experiment in which the
sign change between the gaps on the Fermi-surface curves
is detected. Thus, the non-magnetic impurity effect can be
the key experiment. The finite DOS appears due to a small
amount of the nonmagnetic impurity or randomness in the
nodeless d-wave superconductor. Namely, the detection of
the Korringa-like behavior at low temperatures in the dirty
case will be the test of the nodeless d-wave superconductiv-
ity, provided that we ignore the existence of the nodes on the
gap. Note that the nonmonotonic temperature dependence in
ρs/ρn andRs/Rn is interesting from a theoretical viewpoint,
but in actual experiments, it seems difficult to detect such sub-
tle changes in the temperature dependence of physical quan-
tities.
Concerning the mechanism of superconductivity in BiS2-
based layered materials, it has not been confirmed yet, but the
gap symmetry has been vigorously investigated. It was sug-
gested by some theoretical researchers that the gap function
in BiS2-based layered superconductors could be explained by
extended s-wave, d-wave, triplet or other unconventional pair-
ing scenarios.18–20, 25–29) On the other hand, a possibility of s-
wave pairing due to electron-phonon interaction has been dis-
cussed.30–33) The appearance of superconductivity has been
discussed from various theoretical viewpoints on the basis
of this two-orbital Hubbard model.18–20, 25–29) The effects of
electron-phonon interaction30–33) and spin-orbit coupling34)
have also been discussed. The relationship between the char-
acteristic change of the Fermi-surface topology and the sym-
metry of the superconducting gap function has been pointed
out in previous works.18–20, 25–28) It has been discussed that
the impurity effect can be a probe of the pairing symmetry in
BiS2-based layered superconductors.
35)
The gap anisotropy in BiS2-based layered materials has
been discussed in the context of multiorbital superconductiv-
ity.36, 37) In this paper, we have not included orbital degrees of
freedom in the impurity scattering, but the gap state is consid-
ered to be affected, more or less, by the nonmagnetic impurity
scattering even in multiorbital superconductors, when the gap
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has nodes on the Fermi-surface curve or the sign is reversed
between the gaps on the different Fermi-surface curves. Thus,
we believe that the impurity effect is also useful for the deter-
mination of the gap symmetry of multiorbital superconduc-
tors, although it is necessary to develop carefully the discus-
sion on the nonmagnetic impurity scattering in multi-orbital
superconductors from a quantitative viewpoint.
Finally, we comment on the nodeless d-wave supercon-
ductivity in other systems. The nodeless d-wave gap was
discussed in a quasi-one-dimensinoal organic superconduc-
tor.38) A possible high-Tc mechanism due to spin fluctuations
was proposed in a system with a Fermi-surface pocket.39) In
electron-doped high-Tc cuprates, nodeless d-wave supercon-
ductivity was also examined.40, 41)Quite recently, the nodeless
d-wave gap has been considered in monolayer FeSe.42) Here,
we do not mention the superconducting mechanism of iron-
based superconductors, since it is beyond the scope of this pa-
per, but we refer to two papers, Refs. 43 and 44, in which the
impurity effects in the s±-wave superconducting state with a
multiband structure were discussed.
In summary, to reconcile the existence of the gap nodes
on the Fermi-surface curves and the s-wave-like temperature
dependence of physical quantities in BiS2-based layered su-
perconductors, we have proposed the dirty nodal extended s-
wave gap without an isotropic part. Note that in this scenario,
it is necessary to assume that the sample becomes dirty owing
to the existence of randomness and/or lattice mismatch, even
if nonmagnetic impurities are not explicitly doped. Provided
that the existence of the node can be ignored, we have sug-
gested a nontrivial possibility of nodeless d-wave supercon-
ductivity for both clean and dirty cases, in addition to the con-
ventional s-wave superconductivity. In both scenarios, a key
experiment will be the measurement of T−11 in BiS2-based
layered superconductors.
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